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Abstract. In this paper we study inverse boundary value problems with par- 
tial data for the magnetic Schrodinger operator. In the case of an infinite slab 
in R™, n > 3, we establish that the magnetic field and the electric potential can 
be determined uniquely, when the Dirichlct and Neumann data arc given cither 
on the different boundary hyperplanes of the slab or on the same hypcrplanc. 
This is a generalization of the results of [51], obtained for the Schrodinger 
operator without magnetic potentials. 

In the case of a bounded domain in K n , n > 3, extending the results of [2], 
we show the unique determination of the magnetic field and electric potential 
from the Dirichlet and Neumann data, given on two arbitrary open subsets of 
the boundary, provided that the magnetic and electric potentials are known in 
a neighborhood of the boundary. Generalizing the results of |31j , we also obtain 
uniqueness results for the magnetic Schrodinger operator, when the Dirichlet 
and Neumann data are known on the same part of the boundary, assuming 
that the inaccessible part of the boundary is a part of a hyperplane. 



1. Introduction and statement of results 

The purpose of this paper is to study inverse boundary value problems with 
partial data for the magnetic Schrodinger operator on a bounded domain in R n , 
n > 3, as well as in an infinite slab in M. n . 

We shall start by discussing the case of the slab. Let £ C lR n , n > 3, be an infinite 
slab between two parallel hyperplanes Ti and T 2 . Without loss of generality, we 
shall assume that 

E = {x = (x', x n ) e R n : x' = (zi, . . . , G W 1 ' 1 , < x n < L}, L > 0, 

and 

r\ = {x e w i : x n = L}, r 2 = {x e R n ■. x n = o}. 

Consider the magnetic Schrodinger operator 
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with magnetic potential A = (A/)i<j<n G W 1,00 (T,,C n ) and electric potential 
q G L°°(E, C). Here D = z _1 V. In what follows, we shall assume that A and 
q are compactly supported. According to Proposition IA.2I in Appendix A, the 
operator CA, q (x, D), equipped with the domain Hq(E) PI H 2 {Y>) is closed and its 
essential spectrum is equal to [n 2 /L 2 , +00). 

We shall be concerned with the following Dirichlet problem, 

(£.A,q(x, D) — k 2 )u(x) = in E, 

u = f on Ti, (1.1) 
u = on T 2 , 

where k > is fixed and / G H 3 ^ 2 (Ti) is with compact support in I\. When 
k < rc/L and k 2 avoids the eigenvalues of £>A,qi the problem ( II. ip has a unique 
solution u G if 2 (E). When the spectral parameter k 2 is on the essential spectrum 
of C*A,qi to discuss the solvability of the problem (II. ip . in Appendix A we introduce 
the notion of an admissible frequency k and an admissible solution u. Roughly 
speaking, the notion of admissibility of a solution u means that a finite number of 
the Fourier coefficients of u with respect to x n satisfy the Sommerfeld radiation 
condition at infinity. Furthermore, when A and q are real, so that the operator 
Ca,q is self-adjoint, we show in Proposition IA.6I that if k > n/L is such that k 2 
avoids the embedded eigenvalues and the set of thresholds {{nl/L) 2 : I = 1,2,...} 
of £-A,q, then k is admissible for C-A, q - 

If k is admissible for the operator £a,<?; we show in Appendix A that the problem 
( II. ip has a unique admissible solution u. Notice that u G Hf oc {Y>), where we recall 
that 

H 2 oc m = {u| s : u G H 2 oc (R n )}. 

We define the Dirichlet-to-Neumann map for the magnetic Schrodinger operator 
in the infinite slab E by 

M A , q : H 3 / 2 (T 1 ) n E'O?!) H^{dT), f^(d u + 1A ■ v)u\ 9Tn 
where u is the solution of ( ll.ip . Here v is the unit outer normal to the boundary 

9E = ri u r 2 . 

As it was noticed in [53] , the Dirichlet-to-Neumann map is invariant under gauge 
transformations of the magnetic potential. It follows from the identities 

e **£A,ge l = CA+V9, q , M A^^ = NA+V<S,q, (1-2) 

that N~A,q = A/*A+v*,g when \l/ G C 1,1 (E) compactly supported is such that = 
0. Thus, N~A,q carries only information about the magnetic field dA, where A is 
viewed as the 1-form T^ =l Ajdxj. 

We shall now state two main results of this paper, which generalize the corre- 
sponding results of |JT], obtained in the case of the Schrodinger operator without 
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a magnetic potential. The first result, concerning the case when the data and the 
measurements are on different boundary hyperplanes, is as follows. 

Theorem 1.1. Let £ C M. n , n > 3, be an infinite slab between two parallel 
hyperplanesT 1 andT 2 , and let A® G W 1,00 (E, C n ) n£'(£, C n ), G L°°(£,C)n 
£'(£,C), j = 1,2. Denote by B an open ball in W 1 , containing the supports of 
Ay\ qj\ j = 1,2, and let C Tj be arbitrary open sets such that 

r 3 -nsc7i, j = 1,2. 

Assume that k > is admissible in the sense of Definition IA.91 for the operator 
C A u) t q(j) o,nd its real transpose jO._ A u), q U), j = 1,2. // 

N A m, q m{.f)\i2 = -^4(2)^(2) (/) 1 72 , (1.3) 

for any f G if 3/2 (Ti), supp (f) C 71, then cL4 (1) = gL4 (2) and = g (2) in S. 

The assumption that k > is admissible for the real transpose C_ A u), q (.J) of the 
operator C A u) q u) is needed when proving a Runge type approximation result in 
the infinite slab. We would also like to remark that when the operator C A u) q u) is 
self-adjoint and k 2 is not an eigenvalue and not in the set of thresholds {(ttI/L) 2 : 
I — 1, 2, . . . } of the operator £ A u), q u) , then k > is admissible for both operators 

Notice that if the supports of the coefficients A^\ are strictly contained in 
the interior of the slab, then the regions 71 and 72 in Theorem 11.11 can be taken 
arbitrarily small. 

The next result deals with the inverse problem with the measurements and the 
data given on the same boundary hyperplane. 

Theorem 1.2. Let £ C W 1 , n > 3, be an infinite slab between two parallel 
hyperplanesT 1 andT 2 , and let A® G W 1 ' 00 ^, C n ) n£'(E, C n ), q U) G L°°(£,C)n 
£' (E, C), j = 1,2. Denote by B an open ball in W 1 , containing the supports of 
A^\ q^\ j = 1,2, and let 71, 7^ C r\ be arbitrary open sets such that 

Assume that k > is admissible in the sense of Definition IA.9I for the operator 
C A u), q U) an d its real transpose £- A u) >q U), j = 1,2. If 

N A m, q m (/) | 7 j = A/" A (2) >g ( 2 ) (/) | 7 j , 
for any f G if 3/2 (Ti), swpp (/) C 71, then cL4 (1) = gL4 (2) and = g (2) m E. 

The main technical tool in proving Theorem 11.11 and Theorem 11.21 is the con- 
struction of complex geometric optics solutions [ITJ [51] with linear phases for 
the magnetic Schrodinger operator, vanishing along a boundary hyperplane. The 
idea of constructing such solutions in the case of the Schrodinger operator with- 
out a magnetic potential, is based on a reflection argument and is due to [31] . It 
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was applied to the inverse boundary value problem for the Schrodinger operator 
in an infinite slab in the work [4T], which was our starting point. We would like to 
emphasize that the case of the Schrodinger operator with a magnetic potential is 
considerably more involved, than the case without magnetic potential, studied in 
[H]. This is due, in particular, to the fact that a reflection argument with respect 
to a boundary hyperplane leads to a magnetic potential which is in general only 
Lipschitz continuous. The construction of complex geometric optics solutions in 
this case is consequently more complicated, as already seen in [17] and [35] . 

When exploiting the complex geometric optics solutions obtained by a reflection 
argument, we have to control the products of the various phases of the solutions, 
in the high frequency limit. This leads to some additional constraints on the 
choice of the complex frequency vectors in the phases, which have to be respected 
when recovering the components of the magnetic field. Notice also that rather 
than using boundary Carleman estimates in the proof of Theorem 11.11 as it was 
done in [U], here we proceed instead by reflecting both solutions with respect to 
the different boundary hyperplanes. 

Let us consider next physical applications related to Theorems 11.11 and 11.21 In- 
verse problems for the Schrodinger equation in the slab geometry are encoun- 
tered in imaging of thin specimens. A situation analogous to Theorem ll.l[ where 
sources are located on one boundary hyperplane of the slab and the field is mea- 
sured on the other boundary hyperplane, is encountered in the Transmission 
Electron Microscopy (TEM) HH], where a beam of electrons is transmitted 
through a thin specimen. In TEM the boundary values on the upper side of the 
slab are controlled by the electromagnetic lenses which manipulate the incoming 
beam and the electrons transmitted through the specimen are detected below 
the lower side of the slab. We note that in TEM with high energy electrons, 
the problem is often analyzed using the geometrical optics approximation which 
leads to a problem of integral geometry [191 EH] , but the models based directly 
on the Schrodinger equation (see discussion in [TjJJ Section 4]) are also used. 

Situations analogous to Theorem II .21 where the sources are on the same boundary 
hyperplane of the slab where the fields are detected, are also encountered in many 
electron microscope applications. The Scanning Tunneling Microscope (STM) 
(see [131 US]) and the Dual-tip STM (see [T]) are based on the quantum tunneling 
of electrons between a conducting tip (or two conducting tips) and the surface of 
the material (i.e. slab) to be examined. If imaged specimen is lying on a surface 
in which electrons cannot propagate, the wave function satisfies the Dirichlet 
boundary condition on the lower boundary hyperplane. Then, the conducting tips 
correspond to both the source and the detection devices, and these measurements 
can be modeled using the Dirichlet-to-Neumann map on the upper boundary 
hyperplane. 



INVERSE PROBLEMS FOR A MAGNETIC SCHRODINGER OPERATOR 



5 



Inverse problems for the Schrodinger equation in a slab are encountered also in 
optical tomography |3], see the remark at the end of Section 4 for a more detailed 
discussion. 

Concerning inverse problems in the slab geometry, we would like to mention 
that apart from [4TJ, inverse conductivity problems of recovering an unknown 
embedded object in an infinite slab were studied in [291 E2], while an inverse 
scattering problem for the Schrodinger operator in a slab was considered in [16] . 

In the remainder of this introduction we shall be concerned with inverse boundary 
value problems for the magnetic Schrodinger operator on a bounded domain. Let 
Q C M n , n > 3, be a bounded domain with C°° boundary. Consider the following 
Dirichlet problem, 

£a aU = in Q, 

; f (i-4) 

with A G W 1 ' 00 ^, C n ), q G L°°(tt, C), and / G H*/ 2 (dVL). 

The magnetic Schrodinger operator C^q in L 2 (Q), equipped with the domain 
H 2 {VL) fl Hq(Q), is closed with the discrete spectrum. Let us make the following 
assumption: 

(A) is not an eigenvalue of the magnetic Schrodinger operator C&,q '■ H 2 (Q)n 

Under the assumption (A), the Dirichlet problem fll.4p has a unique solution 
u G H 2 (Q), and we can introduce the Dirichlet-to-Neumann map 

A Aq : H 3 / 2 (dQ) -)• H^idn), f^(d v + iA- u)u\ dn , 

where v is the unit outer normal to the boundary. 

Let 71, 72 C dQ be non-empty open subsets of the boundary. We are interested in 
the inverse boundary value problem for the operator C Aq with partial boundary 
measurements: assuming that 

^AW,qW(f)U2 — ^(2),q(2) (/) 1-72, 

for all / G H 3 / 2 (dQ), supp (/) C 71, can we conclude that dA^ = dA^ and 

q (l) = q (2) in Q ? 

When measurements are done on the entire boundary, inverse problems for var- 
ious second order elliptic equations have been studied e.g. in [3 EJ 1201 1121 HH 
W7\ . For very non-regular coefficient functions there are counterexamples to the 
uniqueness of the inverse problems [2H [23] which are closely related to the so- 
called invisibility cloaking [221 12U [25] . 

Now in many applications, performing measurements on the entire boundary 
could be either impossible or too cost consuming. Therefore, the inverse boundary 
value problem with partial measurements, formulated above, is both natural and 
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important, see e.g. P [32j [3U [371 EH SO] for related problems. To the best of 
our knowledge, the partial data problem still remains open in general, even in 
the absence of a magnetic potential. In this case, under the assumption that 
qW = g( 2 ) i n a neighborhood of the boundary of f2, the problem was settled in 
[2j. Dropping this assumption, it was shown in [10] that the electric potential 
can be uniquely determined by the Dirichlet-to-Neumann map when 71 = dQ 
and 72 is, roughly speaking, a half of the boundary. In [M], this result was 
significantly improved and it was shown that 72 can be possibly very small, while 
it is still required that 71 and 72 should have a non-void intersection. On the 
other hand, for special geometries of the domain, in [3TJ, the identifiability result 
was established when ji = 72 is such that the remaining part of the boundary is 
contained in a hyperplane or a sphere. 

In the presence of a magnetic potential, the inverse problem of determining the 
magnetic field and the electric potential from partial boundary measurements 
was addressed in [TTJ , when 71 = dfl and 72 is possibly a very small subset of the 
boundary, see also Under the assumption that = and q^ = in 
a neighborhood of the boundary, in [7J it is proven that the magnetic field and 
the electric potential can be uniquely determined by boundary measurements, 
provided that 71 = dQ and 72 is arbitrary. Logarithmic stability estimates for 
this problem are also obtained in [7J. 

Under the assumption that A^ = A^ and = q^ in a neighborhood of the 
boundary, generalizing the work [2J, we have the following simple result. 

Theorem 1.3. Let Q C W 1 , n > 3, be a bounded domain with C°° connected 
boundary, and A® E W 1 ' 00 ^,^ 1 ) and q {j) E L°°(fi,C), j = 1,2, be such that 
the assumption (A) is satisfied for both operators. Assume that A^ = A^ and 
qW = q( 2 ) in a neighborhood of the boundary dVl. Let 71,72 C dQ be non-empty 
open subsets of the boundary. If 

for all f E H 3 / 2 (dtt), supp (/) C 71, then dA^ = dA^ and q^ = q^ in f2. 

In Theorem ll.3[ the supports of A^ — A^ and q^ — q^ are not allowed to come 
close to the boundary of Q. However, this condition can be weakened for special 
bounded domains, say, for domains of the form Q = u x [0,L]. Here u C IR™" 1 
is an open bounded domain in R n_1 with connected smooth boundary. Assume 
that A® = A® and g « = q^ near dco x [0,L\. If 

7 ^A( 1 ),g( 1 )(/)Lx{0} = ^■ J 4( 2 ),g( 2 )(/)Lx{0}, 

for all / E H 3 / 2 (d(u x [0,L])), supp (f)Coux {L}, then dA™ = dA<® and 
qi 1 ) = q( 2 ) mux [0, L\. Notice in particular that supports of A^ and qv> can 
approach the flat parts of the boundary of the cylinder, u x {0} and u x {L}. 



INVERSE PROBLEMS FOR A MAGNETIC SCHRODINGER OPERATOR 



7 



This observation follows from the proof of Theorem ll.l[ when a ball B C W 1 
is replaced by a cylinder u' x [0, L], where u' CC u is a domain in IR n_1 with 
connected smooth boundary, such that supp (AO-) - A&) , supp — g (2) ) C 
u' x [0,L]. 

Finally, we have the following generalization of a result from [31] to the case of 
the magnetic Schrodinger operator, where the Dirichlet and Neumann data are 
known on the same part of the boundary, assuming that the inaccessible part of 
the boundary is a part of a hyperplane. 

Theorem 1.4. Let Q C {R n : x n > 0}, n > 3, be a bounded domain with 
connected C°° boundary, and let 70 = dQ PI {x n = 0} 7^ and 7 = dfl \ 70. Let 
Ati) e W 1 ' 00 ^,^) and q ij) <G L°°(Q,C), 3 = 1,2, be such that the assumption 
(A) is satisfied for both operators. If 

^AW, q w(f)\~f — ^A( 2 ),q( 2 )(f)\-y, 

for any f G H 3 ^ 2 (dfl), supp (/) C 7, then dAO) = dA^ and qO) = g( 2 ) in Q. 

The plan of the paper is as follows. In Section 2, we review the construction of 
complex geometric optics solutions for the magnetic Schrodinger operator with 
a Lipschitz continuous magnetic potential, following |3S]. Section 3 is devoted 
to the proof of Theorem 11.11 while the proof of Theorem 11.21 is given in Section 
4. Theorems 11.31 and 11.41 concerned with the case of bounded domains, are 
established in Section 5. Appendix A describes the construction of admissible 
solutions to the Dirichlet problem (II. ip in an infinite slab, considered in the main 
part of the paper. 

2. Complex geometric optics solutions 

When proving Theorems 1 1 . 1 1 and 1 1 . 2 1 we shall employ a reflection argument across 
the boundary hyperplanes, which will lead to the magnetic potentials which are 
Lipschitz continuous on the extended domain. To this end, we shall start by 
recalling a construction of complex geometric optics solutions for the magnetic 
Schrodinger operator under these limited regularity assumptions. Here we follow 
the works [17] and particularly, [35]. 

Let Q C M. n , n > 3, be a bounded domain with C^-boundary. Consider the 
magnetic Schrodinger equation, 

£ A , q u = in Q, (2.1) 

where A e W 1 ' 00 ^, C n ) and q G L°°(fi, C). Following [35], we recall the con- 
struction of complex geometric optics solutions 

u(x, C; h) = e x </ h (a(x, C; h) + r(x, C; h)) (2.2) 



8 KRUPCHYK, LASSAS, AND UHLMANN 

of (12. ip . which is based on Carleman estimates and a smoothing argument. Here 
C G C n , C • C = 0, |C| ~ 1, a is a smooth amplitude, r is a correction term, and 
h > is a small parameter. 

To deal with the magnetic potential A G W 1,oc (Q, C n ), we extend A to a Lipschitz 
vector field, compactly supported in ft, where ft C M n is an open bounded set 
such that QccO. We consider the mollification A* = A*<p £ G C£°(ft, C n ). Here 
e > is small and <p £ (x) = e~ n ip(x/s) is the usual mollifier with ip G C^°(lR n ), 
< ip < 1, and J = 1. We write A^ = A — AK We have the following 
estimates 

P b || LOO =0(e), (2.3) 
H^^Hioo = C(e"l Q l) for all a, 

as £ -)■ 0. 

In this paper we shall work with £ depending slightly on /i, i.e. £ = with 
being independent of /i and £W = O(h) as h — > 0. Consider the conjugated 
operator 

e- x < /h h 2 C A , q e x<,h = -h 2 A + 2(-< (0) + ■ ^ - 2< (1) • /i£> + h 2 A 2 

- 2ihC, [0) ■ (A tt + A) - 2ih( w ■ A + h 2 (D ■ A) + h 2 q. 

Then in order that (12. 2p be a solution of (12. ip . we need to have 

C {0) ■ Da + C {0) ■ A 9 a = in ft, (2.4) 

e~ x<,h h 2 C Aq e x</h r = -h 2 C Aq a + 2ihC m ■ A^ a + 2iC {l) -hDa + 2ihC {1) ■ Aa in ft. 

(2.5) 

The equation (12. 4p is the first transport equation and it follows from [351 Lemma 
6.1] that it has a solution a G C°°(ft) which satisfies 

||<9 Q a|| L oo (n) < C a e~ H for all a. (2.6) 

The estimate (I2.6P follows from the explicit formula for the solution a = e*, 
where $ G C°°(ft) is given by 

-i /" C (0) -A«(x-|/iReC {0) -y 2 ImC (0) )x(^-|/iReC (0) -y 2 ImC (0) ) , , 
= 7T / — dyidy 2 , 

(2.7) 

where x £ C£°(ft) is such that x = 1 near ft. 

Using (ED, O, and the fact that C (1) = 0(h), for the right hand side of ( I2~5l) . 
we have the following estimate, 

|| - h 2 C Aq a + 2ih( ■ A^a + 2< {1) • M)a + 2z/iC (1) ■ Aa\\ L ^ [n) < 0(h 2 e~ 2 + he). 

It follows from [351 Proposition 4.3] that for h small enough, there is a solution 
r G iy x (ft) of (12.51) . which satisfies ||r||#i ^ = 0(he~ 2 + e). Here ^ = 
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H r l|,L 2 (n) + ||^Vr|| L 2( n ). The optimal choice of e is given by e = h 1 ^ 3 . We have 
therefore the following result, see [351 Proposition 4.3]. 

Proposition 2.1. Let A G W 1 - 00 (ft,C n ) and q G L°°(fi,C). Then for h > 
small enough, there is a solution u G given by ( 12. 2p , o/ £/ie equation 

( 12. ip . where a G C°°(r2) solves the transport equation ( 12.4[) . and satisfies the 
estimate ||<9 Q a|| L °o( n ) < C^/i - ' ^ 3 , and H^H/fi (n) = 0(/?, 1//3 ). 

Remark 2.2. In u>/iat follows, we shall need complex geometric optics solutions 
belonging to H 2 (Q). To obtain such solutions, let Q' DD f2 foe a bounded domain 
with smooth boundary, and let us extend A G VF 1 ' 00 ^, C n ) and q G L°°(f2) 
to H^ 1,00 (f2', C n ) and L°°(Q') -functions, respectively. By elliptic regularity, the 
complex geometric optics solutions, constructed on Q' , according to Proposition 
|2~T1 belong to H 2 {VL). 

Remark 2.3. Using (12. 7p and (12.31) . we see that 

\\${h) -$ (0) |Uoo ( n) ->0, /i->0, 
where $ ( - ^ solves the equation 

£(0) . v$(°) + <«» ■ A = in fi. 



In what follows, we shall use the standard notation, 

(u,u)£2(n)= / u(a0v(:r)d2c, («,v)La(«i)= / u(x)v{x)dS, 
where dS is the surface measure on the boundary of Q. 

We recall finally the Green formula for the magnetic Schrodinger operator Ca,q 
on a bounded domain Q C M n with C 00 smooth boundary, see |17j . 

(C A , g u, v) L2{n) - (it, C^v) L 2 {n) = (u, (d u +iu- A)v) L 2 {m) - {{d v +iv-A)u, v) L 2 {dn) , 

(2.8) 

which is valid for all m,d6 H 2 (Q). 



3. Proof of Theorem 11.11 

Assume that k > is admissible for the operator C A u) and its real transpose 
>C__4(j) 9 o), j = 1,2. Let itx G H? oc (E) be the admissible solution to the Dirichlet 
problem, 

{C AWqW {x,D)-k 2 )ui{x) = Q in E, 

Wi = / on Ti, (3.1) 

«i = on r 2 , 
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for / G iJ 3//2 (r!) such that supp (/) C 71. Here the existence and uniqueness 
of an admissible solution is guaranteed by the results of Appendix A. Let also 
v G ifjQ C (E) be the admissible solution of the following problem, 

(£ A( 2) g (2) (x, D) - k 2 )v(x) = in E, 

v = U\ on Yi U T 2 . 

Setting w = v — U\, we get 

(C A v KqW (x, D) - k 2 )w = (A w - A^) -Du x + D- - A®)u x ) 

+ ((A«) 2 - (A^) 2 + qW - g (2)) Ul inS. 

It follows from (jl.3p that 

(9„ + • z/)mi| 72 = (d„ + iA (2) • z/)w| 72 , 
and therefore, d u w = on 72, since Ui = v = on T 2 . We denote 

/1 := r\ n£ c 71, / 2 :=r 2 n5c72, z 3 :=<95ns. 

It follows from (13. 2 p that it) G ^^(E) is a solution to 

(-A-fc 2 )io = in E\5. 

As w = d v w = on 72 \ / 2 , by unique continuation, w = in E \ B. Therefore, 
w = d u w = on l 3 . 

Let u 2 G H 2 (Y> fl B) be a solution of the equation 

(£^^(x,D)-fcV = in SHB, (3.3) 

such that 

u 2 = on Zj. (3.4) 
Then by the Green formula (12.81) . we have 

((£ A (2) )?( 2) - k 2 )w,u 2 ) L 2(Y;nB) = O, (^C^CT^y - & 2 )^2)L2(Eni?) 

' (3.5) 

+(w, (d v + iv ■ A( 2 ))ii 2 )i2 (a(EnB)) - ((d v + zi/ • A (2) )w;, u 2 ) L 2 {d{SnB)) . 

Recall that <9(E n B) = h U Z 2 U Z 3 , 10 = on <9(E n 5) and = on Z 2 U Z 3 . 
Thus, (EOjl . 023) and ([33]) imply that 

((£ A( 2) !? (2) - /c 2 )u>, u 2 ) L 2 (SnB) = 0. (3.6) 

Using (13.21) and (13. 6p . we get 

(A (1) - A^) • ((Dui)t^ + Ul mr 2 )dx - 2 / (A (1) - A^) • I/U^dS 
sns Jd(T,nB) 



+ / ((A (1) ) 2 - (A^f + g« - g < 2 >) Ul «r = 0. 



(3.7) 



INVERSE PROBLEMS FOR A MAGNETIC SCHRODINGER OPERATOR 11 

We may assume without loss of generality that the normal components of 
and A^ are equal to zero on Ti U T 2 , i.e., 

• v = A {2) ■ v = on r\ U T 2 . (3.8) 

Indeed, it follows from (jl.2p that for A^\ we can determine £ C 1 ' 1 (S) with 
compact support such that ^•'Iriur^ — and d v ^' = —A^' ■ v on Y\ U T 2 , and 
replace A^ by + For the existence of such G C 1 - 1 ^), we refer 

to [281 Theorem 1.3.3]. 

Moreover, by the choice of the set B, we have A^ = A^ = on / 3 . Thus, 

(4(1) _ 4(2)) . zy^^S = 0, 

9(snB) 

and therefore, (13. 7h implies that 

(4(1) _ 4(2)) . ((D Ul )ui + u^Du~ 2 )dx 

i 

+ / ((A^) 2 - (A^) 2 + - qW)u x W 2 dx = 0, 
JT,nB 

for any u\ G iy(E) and any u 2 G V/^E D B). Here 



Ens 



(3.9) 



W(E) = {u G H 2 oc (E) : (£ A (D i(? (i) - & 2 )w = in E, w|r 2 = 0, supp (w| r J C 71, 
u is admissible in the sense of Appendix A}, 

V h (S Pi B) = \u G fi 2 (E n 5) : (£^^7 - A; 2 )n = in E n fi, 4 . = 0}, 
J = 1,2. 

We would like to replace U\ in (13. 9p by an element of the space W/ 2 (En.B), where 

W h (Y> HB) = {u G fi 2 (E n 5) : (£ A( i) - fc 2 )w = in E H fi, w| /2 = 0}. 

To this end, as in [21 ED SI], we need the following Runge type approximation 
result. 

Proposition 3.1. The space W{T?) is dense in H^ 2 (Eflfi) in L 2 (En B) -topology. 

Proof. By the Hahn-Banach theorem, we need to show that for any g G L 2 (Enfi) 
such that 

/ gudx = for any u G W^(E), 

we have 

/ gvdx = for any v G W/ 2 (E fl B). 
JunB 
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Let us extend g by zero to the complement of E fl B in E. Let U G ifj^E) be 
the admissible solution of the problem in the sense of Definition lA.lOt 

Z7 = o on riur 2 . 

Then U solves the equation (^^(TT^aT — k 2 )U — g in E. For any u G W(E), using 
the Green formula in the infinite slab E, see Proposition IA. 1 ll we have 

= / gwc/x = / [(jC-^jiy-(iy — k 2 )U]udx — — I d u UudS. 

Since u\r 1 can be an arbitrary smooth function, supported in 71, we conclude 
that d u U\ yi = 0. Hence, U satisfies the equation (—A — k 2 )U = in E \ B, and 
moreover, U = d u U = on ji \ l\. Thus, by unique continuation, U = in E \ B, 
and we have U = d v U = on Z 3 . 

For any v G W\ 2 (E fl B), using the Green formula on the bounded domain E fl B, 
we have 

/ gvdx= / [(£^ T y-( T y- k 2 )U]vdx = / U(C AW qW - k 2 )vdx 

+ / U(d v + iu ■ AM)vdS - [ (d u + iu- ~W>)UvdS = 0. 
The claim follows. □ 
Since (A^ — A^) ■ v = on <9(E fl B), we can rewrite (13.91) in the following form, 
Ul D- - A {2) )u^)dx + f - A {2) ) ■ ( Ui m~ 2 )dx 

+ / ((A^) 2 - {A^f + gW - g^u^dx = 0. 

Hence, an application of Proposition 13.11 implies that (13.91) is valid for any u\ G 
Wi 2 (£ n £) and u 2 G V^E n £). 

The next step is to construct complex geometric optics solutions, belonging to 
the spaces Wi 2 (E n B) and ^(EnB). Let f,/^ 1 ),// 2 ) G M n be such that = 
|//( 2 >| = 1 and • /i (2) = • f = /i (2) • £ = 0. Similarly to [53], we set 



Ci = ^+yi-^ (1) V 2) , C 2 = -^+yi-^ 2 ^ (1) -/i {2) , (3-10) 

so that Q ■ (j = 0, j = 1,2, and (Ci + C2)/h = i£. Here h > is a small 
enough semiclassical parameter. Moreover, (1 = i/j,^ 1 ' + yU^ 2 ^ + 0(h) and C2 = 
- ^ + as h -»■ 0. 

For Mi, we need to require that Wi|j 2 = 0. In order to fulfill this condition, we 
reflect E fl B with respect to the plane x n = and denote this reflection by 
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(E n B)q = {(x', —x n ) : x = {x\ x n ) G E R B}. Here x' — (xi, . . . , x n -i)- We also 
extend the coefficients and to (E fl For Aj, j — 1, . . . , n — 1, and 
g^ 1 ), we do the even extension, and for An , we do the odd extension, i.e., we set 

■7(1), x /^(a/.Sn), < x n < L, 

A,- (x) = < i u , 7 = 1, . . . , n — 1, 

J 1 J \Af (x',-x„), -L<x n <0,' 



An ^ (x', x n ) , < x n < L, 

'An ^ (x', Xn) i L < X n < 0, 

g«(x',x n ), 0<x n <L, 
-L<x n <0. 



By dSSD, ^1^=0 = 0, and therefore, A« G ^'^((E n B) U (E n B)*) and 
e L°°((E nB) U (E n B)o). Proposition O and Remark O imply that there 
exist complex geometric optics solutions 

u^x, Ci; fc) = e *-CiA( e *i(^ (1) +M (a) ;A) + ri ( Xj £ i; h)) G # 2 ((E fl 5) U (E fl 5)*) 
of the equation (C^w qW ~ k 2 )ui = in (E fl B) U (E fl B)q, where 

lki||^ cl ((EnB)u( S nB) S ) = ( /il/3 ) (3- 11 ) 
and $i G C°°((SnB)U(En5)S) satisfying 
(2/i (1) +/ i (2) )-Ve $1 +!(2/i (1) +/i l2) )-(I (1) ) l e $1 =0 in (EnS) U (EnB)*, (3.12) 

||^e*i £ » ((Sn B)u(£nB)5) < C^" 1 " 173 , \a\ > 0. (3.13) 

By Remark [2731 $i(x,2/i (1) + /i (2) ;/i) — >■ $i 0) (x, + /i (2) ) in the L°°-norm as 
/i — ?• 0, where $^ solves the equation 

(2/i (1) +/i (2) )-V$S 0) +^(2/i (1) +/i (2) )-^ (1) = in (En£)U (EnB)*. (3.14) 
Let 

u±(x) = Ui(x', x n ) — ui(x', — x n ), x G E fl B. (3.15) 
Then it is easy to check that U\ G Wj 2 (E fl B). 

To construct U2, we have to fulfill the condition U2\i 1 = 0. To this end, we 
reflect EflB with respect to the plane x n = L and denote this reflection by 
(E n B)* L = {(x', -x n + 2L) : x = (x',x n ) G E n B}. For the coefficients Af\ 
j = 1, . . . ,n — 1, and q^ 2 \ we do the even extension, and for An \ we do the odd 
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extension, i.e., 

7(2)/ \ )Af\x',x n ), < x n < L, . 



g< 2) (x) 



-x n + 2L), L < x n < 2L, 

A n \x' , x n ), < :r n < L, 

-A n 2 \x',-x n + 2L), L < x n < 2L, 

g (2) (x',x n ), < x n < L, 

g (2) (x', -x n + 2L), L < x n < 2L. 



As A { n ] \ Xn=L = 0, we have G W 1 ' 0C ((E nB)U(Sfl 5)2) and g< 2 ) G L°°((E n 
B) U (E fl B)* L ). Thus, by Proposition 12. 1[ one can construct complex geometric 
optics solutions, 

u 2 (x, ( 2 ; h) = e?-Mh( e *&w m -S a hh) + r2 ( X; ^ h)) G # 2 ((E nB)U(Sn B)* L ) 
of the equation (£^ypy - k 2 )u 2 = in (E n 5) U (E n B)* L , where 

IN|m ((snB)u(snB)T) = 0(/i 1/3 ) (3.16) 



and $ 2 G C°°((E nB)U(Efl B)* L ) satisfies 



(z/i( 1) -/i( 2 ))-V$ 2 + z(z y u (1) - y u (2) )-(v4( 2 ))« = in (EnB)U(EnB)*, (3.17) 

||9 Q e $2 || L o 0((SnB)u(SnB) * ) < C^-l"!/ 3 , |a| > 0. (3.18) 

By Remark |2~3| $ 2 (x,2/i (1) - H^]h) -»■ $2 0) (x, - /^ 2) ) in the L°°-norm as 
ft, — >• 0, where $^ solves the equation 

(i^ 1 )-^ 2 J)-V$5 )) +i(^ (1) -^ (2) )'^ = in (SnB)U(En5)*. (3.19) 
Let 

m 2 (^) = u 2 (x' , x n ) — u 2 (x', — x n + 2L), X G E fl B. (3.20) 
Then u 2 G V h {EnB). 

For future references, it will be convenient to have the following explicit expres- 
sions for the complex geometric optics solutions u\ and u 2 , given by ( 13. 15ft and 



( x ) = e *-fi/*( e *i(*) + n ( x )) _ e (*',-*»KiA( e *i(*',-z») + ri ( x ' ) _ Xn )) 5 (3.21) 



(3.22) 
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The next step is to substitute the complex geometric optics solutions U\ and u 2 
into ( 13. 9p . To this end, we first note that 

e x<l/h e x-C2/h _ e ix-i 

e (x',-x n yCi/h e x-&/h _ e ix'-e-f \J l-^^^xn^^xn/h 
e x-Cl/h e (x' ,-x n +2L)-&/h _ e ix'^'+2^\x n -L)/h+i ai 
e (x'-x n )<l/h e (x',-x n +2L)-&/h _ e ix'-£'-2L^ ) /h+ia 2 



where a± £ R and a 2 G 1R are given by 



2L / h 2 \£\ 2 m 
a 2 = -Xnin + L£ n - —dl — >. 

(2) 

We shall further assume that /ih > and therefore, for < x n < L, we have 
point wise, 

| e (*',-*nKi/fc e *-6/fc| ^o, as h -)■ +0, 

| e x< 1 // le ( a; ',-x n +2L).fe// l | _^ Q) ag ^ _^ +Q; (3_ 23 ) 
| e (x',-x»).Ci/h e (*',-«n+2i,).S/h| o, as /i -> +0. 

In what follows it will be convenient to write the following norm estimates, which 
are consequences of (I3.13p . (13.181) . (13. lip and (13.161) . 

||e*'|U» = 0(l), \\De*'\\»- = 0{h- l '% 

\\ ri \\ L , = 0{h^), \\D r] \\ L , = 0{h-^), j = 1,2. 

For the complex geometric optics solutions u± and u 2 , given by ( I3.2ip and ( I3.22p . 
using (I3.23P together with (I3.24p . we get 



((A (1) ) 2 - (A (2) ) 2 + - q®) Ul u5dx -> 0, as h -> +0. 

' EnB 

Denoting C* = (C;, -(&)«) for = (C;, (Ci)n), J = 1,2, and using fl£2U) and 
( I3.22p . we obtain that 

iWx) = - l A e *<i/h( e *i(x) + ri ( x U + ^<i/h, De ^x) + £) ri ( x )) 
ft, 

+ ^ e (xV*o*/ft( e *i(*',-*») + ri(x / ) _ Xn)) (3.25) 
- e (^-»»Ki/ft(£> e *i(*'.-<*0 + Dri(x', -x n )), 
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Du 2 (x) =^V-&A( e W + ~^x)) + e *<i/h( De *2{x) + Dr;,^)) 

_ ^gCx'.-^D^/h^^^.-^+ax) + r2 ( a; / ) _ a;n + 2L)) (3 ' 26) 

_ e (x',- a;n +2L).fe/h^ jDe $ 2 ( a; ' i _ a;n+ 2L) + Dr 2 (x',-x n + L)). 

Using (I3.2ip . ( 13.22(1 . (13.25(1 and ( 13.261) . by the dominated convergence theorem 
together with 1EE2B]) and ( l3~24l) . we get 

/i / - A (2) ) ■ ((D«i)tZ£ + u{Du~ 2 )dx 

^ _2i(^W + /i( 2 )) ■ f (A« - AM)e ix <e< 0) M + ~^dx, as h +0, 

where $^ and $3°^ solve (I3.14p and (13. 19j) . respectively. 
Hence, multiplying ( 13.9(1 by h and letting /i — > +0, we obtain 

( z> d) + ^(2)) . I (A (D _ A^K^e^+^dx = 0, (3.27) 

for all M (2) e K n such that /il 2) > 0, | A it :L > | = |/^| = 1, and ■ ^ = 

= £ = 0. 

In the spirit of p2J [TBI EU [53], we get the following result. 
Proposition 3.2. The equality (I3.27P implies that 

+ /i (2) ) ■ f - A {2) )e ix< dx = 0. (3.28) 

Proof. First notice that it follows from (13.141) and (13. 19(1 that 

(2/i«+/i( 2 ))-V($f ) +if)+^(^/i (1) +/i (2) )-(A( 1 )-A( 2 )) = in (3.29) 

Notice that (13 . 1 2() implies that in the expression (13.21)) for Ux, we may replace 
e* 1 by ge* 1 if g E C°°((EnS) U (S n 5)5) is a solution of 

+ /j {2) ) -Vg = in (S n B) U (£ n B)* . (3.30) 

Then ( I3.2T1) can be replaced by 

We conclude from (I3.29P that 

(<Ai W + /i (2) ) • - A( 2 ))<7e^° )+ ^ = + /i (2) ) • Ve< )+ ^\ 
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and therefore, we have 

/ e™ tg{i^ + pW) ■ Ve^+^dx = 0, (3.31) 
JT,nB 

for all g satisfying (13. 30 p . 

Completing the orthonormal family /i^ to an orthonormal basis in M n , 

fx( 2 \ fjy\ . . . , n^ n \ we have for any vector x G R n , 

X = (X ■ (i®)^ + (x . ^))^) + ( x . /i (3) )/i (3) + . . . + ( x . ^W^W 

We introduce new linear coordinates in IR n , given by the orthogonal transforma- 
tion T : MJ 1 — y M 71 , T(x) = y, where y\ = x ■ n^ 2 \ y 2 = x • fi^\ yj = x ■ fi^\ 
j — 3, . . . , n. Denoting z = yi + iy 2 and <9 2 = (d yi + id y2 )/2, we have 

(*/i (1) +/i (2) )- V = 2d- Z . 
Thus, changing coordinates in (I3.3ip . we get 



L 



e^gd,(e<° )+ < O) )dy = J (3.32) 



t(eob) 



for all £ = (0,0, f"). 6" e R "~ 2 ! and a11 9 e C°°(TCE n B)) satisfying d- z g = 0. 
Taking g = g(z) holomorphic in z, independent of y" = (y 3 , . . . ,y n ), and taking 
the inverse Fourier transform in (13.321) in the variable we get, for all y" G IR n ~ 2 , 



I g(z)d 2 (e<° )+ ^ ) )dzAdz = 1 
Jt v „ 



where T y » = T(S D B) n fL/, and n y" = {(2/1, 2/2, 2/") : (2/1,2/2) G M 2 }. Notice that 
the boundary of T y » is piecewise C°°-smooth. Since 

c%e $1 + * 2 dz) = ^(e* 1 + * 2 )dzAdz, 
by the Stokes' formula, we obtain that 



ge 



dz = 0, (3.33) 



8T yl , 



for all holomorphic functions g G C°°(Ty"). 

Next we shall show that (I3.33P implies that there exists a nowhere vanishing 
holomorphic function F G C(T y n) such that 



e*^V»- (3^34) 



\8T y n 



This follows from the arguments in [T7J Lemma 5.1]. For the convenience of the 
reader, we present these arguments here. Following [T7J Lemma 5.1], consider 
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the Cauchy integral 



The function F is holomorphic inside and outside of dT y ". As e* 1 ) is Lips- 
chitz, the Plemelj-Sokhotski-Privalov formula states that 



lim F(z)- lim F(z) = e^ ){zo)+ ^° ){zo \ z edT y „. (3.35) 

Since the function £ i— >• (£ — z)" 1 is holomorphic on T^// when z ^ T y n, f!3.33j) 
implies that -F(z) = when z ^ T y ». Hence, the second limit in (I3.35P is zero 
and therefore, F is holomorphic function on T y n such that ( 13. 34[) holds. Let us 
show that F nowhere vanishes in T y ". To this end, let dT y » be parametrized by 
z = 7(£), and N be the number of zeros of F in T y ". Then by the argument 
principle, 

N = ±f m* = -Lf d 4 = ±! m £ = o. 



The latter equality follows from the fact that the contour e* 1 M*))+*2 M*)) is 

homotopic to {1} with the homotopy given by e^* 1 "' ( 7 ^ +$ 2° (t(*))) j s £ [0,1]. 
The claim follows. 

Next since F is nowhere vanishing holomorphic function on T y » and T y » is simply 
connected, it admits a holomorphic logarithm. Hence, (I3.34p implies that 



(logF)| aT =($f + $f)U 



and therefore, by the Cauchy theorem, 

f g(®f ] + <5>P)dz = [ glogFdz = 0, 

JdT y „ J&T y „ 

where g G C°°{Tyii) is an arbitrary function such that d s g = 0. An application of 
Stokes' formula gives 

/ gd^f* + $P)dzAdz = 0. 

Jt v" 

Taking the Fourier transform with respect to y", we get 



/ j**gd s {*f> + *f)dy = 0, 

JT(EnB) 



for all £ = (0, 0, £"), £" G M n 2 . Hence, returning back to the variables x, we have 

+ /i {2) ) • / e"^(x) V($S 0) + ®^)dx = 0, 
•/eob 
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where g e C°°(EnB) is such that (z>W + //< 2 >) -V^OinSnB. 
Using (I3.29p . we obtain that 

+ /i (2) ) • / - A {2) )g(x)e ix *dx = 0. (3.36) 

</£OB 

With g — 1, we get (13. 281) . The proof is complete. 

□ 

Since in (13.281) the vector yP^ can be replaced by —yS x \ we get 

• ( - A^e^dz = 0, (3.37) 

JznB 

for all £, /i^ 1 ) 6 M n such that /i 1 - 1 ^ ■ £ = and for which there is a vector y^ G M n 
such that // 2 ) • /i« = /i^ 2 ) • £ = and /A 2) > 0. 

In the proof of the following result, we shall use some ideas from [50] . 
Proposition 3.3. We have 

dj (A^ - A k 2) ) - d k {Af - Af) = ifiSnB, 1 < j, fc < n. (3.38) 

Proof. It follows from (I3.37P that 

. (APhtenBit) - A&htonB®) = 0, (3.39) 

where Xsns is the characteristic function of the set E fl B and A^xsnB stands 
for the Fourier transform of A^'XsnB- 

Let £ = (fi, . . . , £ n ), > 0, j = 1, . . . , n, and let 

V> {1 XH,j, k ) = -£ k ej + &e fc , l<j,k<n, j ^ fc, 

where ei, . . . , e n is the standard orthonormal basis in W 1 . Then yS 1 ^ (£, j, fc) •£ = 0. 
If j, fc are such that 1 < j, k < n, j ^ k, we set 

V (2) (£J, k) = -Zj^nZj ~ CfcCne fe + (£ 2 + £l)e n . 
If k = n and j is such that 1 < j < n, we define 

/i (2) (£, j, n) = (-£? - £*) e * + e^-ej + te n e n , 
with some Z 7^ j, n, which exists, since n > 3. In all cases, we have j, fc) = 

0, // W (£, j, fc) • /i (2) (£, j, k) = 0, and /ii 2) (£, j, fc) > 0. 

Hence, for the vectors /i^(£, j, k) and £, (13.391) holds, and it yields that 

• (4*W(£) - 4W(£)) - & • (^fW(e) - Af^T nB (e)) = o, 

1 < j, k < n, j 7^ /c, for all £ e M n , £1 > 0, . . . , £ n > 0, and thus, everywhere by 
the analyticity of the Fourier transform. This proves f!3.38[) . □ 
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By Proposition I3.3[ we have dA^ = dA^ in S. Since £ is simply connected, 
there exists *f> G C 1,1 (E) with compact support such that 

A (i) _ A (2) = w in E _ (3 40 ^ 

In particular, ^ = along dB fl S. The next step is to show that ^ vanishes 
along the boundary of S. To this end, substituting (I3.40p and £ = into (I3.36p . 

we get 



+/i (2) ) • / (VV)g(x)dx = 0, (3.41) 
JT,nB 

where g G C°°(S fl B) is an arbitrary function such that (ip 1 ' + /jl^) ■ Vg = 
in £ fl B. We may replace fjS 1 ' by — fjS 1 ' in f)3.4ip . and passing to the variables y 
as in the proof of Proposition 13. 2[ we have 

/ g 1 (y)d- z Vdy = Q, [ g 2 (y)d z Vdy = 0, 

J T(Eni?) JT{T,nB) 

where d- z g x = and d z g 2 = 0. Taking g^y) = g'^z) ® j = 1,2, ?/" = 

(y 3 , ...,y n ), and varying ^' leads to 

/ g[(z)d z ^dz Adz = 0, / g' 2 (z)d z ^dz A ciz = 0, 

where d z g[ = and d z g' 2 = 0. Using Stokes' theorem, we get 
/ g[(z)^dz = 0, [ g' 2 (z)*dz = 0. 

JdT y „ JdT y „ 

In particular, taking g' 2 = g[, we have 

/ g[^dz = 0, and therefore, / g[^/dz = 0. 

JdT,„ JdT„,„ 



Hence, 



y y 



/ g[(z)RjeVdz = 0, / g[(z)lm^dz = 0, 



for any holomorphic function g[ G C°°(Ty»). Arguing again as in [T71 Lemma 
5.1], we conclude that there exist holomorphic functions Fj G C(T y »), j = 1,2, 
such that 

Fi | dr y „ — Re \& | gT a „ , -^2 1 9T y „ = Im ^ I a^,, . 

Furthermore, we have AlmFj = in T y n and ImFjl^,, = 0. Thus, Fj are real- 
valued and therefore, constant on the connected set T y n. Hence, \1/ is constant 
along dT y ii . 
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Going back to the ^-coordinates, we conclude that the function ty(x) is constant 
along the boundary of the section T~ l {T y n) — (E D B) fl T~ 1 (H y »)^ for all y" G 
IR n_2 , where the two-dimensional plane T _1 (il y //) is given by 

T-\Y[ y „) = L = ynjW + y 2f j,W + Y j y j ^ j) : y u y 2 G = (j/ 3 , •••,?/«))■ 
^ i=3 - 1 

Here G M n are such that //W ■ // 2 ) = 0, | > Ltt :L > | = |//( 2 )| = 1, and /A 2) > 0. 

Choosing the two-dimensional planes T~ l (Ti y n) with = e n , and fj,^ = e^, 
j = 1, ... ,n — 1, and varying ?/", we conclude that \& vanishes along d(E fl -B). 
We refer to [T71 [36] for a detailed discussion in the context of a general bounded 
domain. 

In order to prove that = q( 2 \ we may and shall assume that = A^. 
Indeed, as \P vanishes along E, it follows from (I3.4(jp and (II. 2p that 

A/" A (l) j(? (2) = A/^(2) + y^ )9 (2) = A/^(2) j(? (2), 

and therefore, 

-^4( 1 ),g( 1 )(/)l72 = -^4(1)^(2) (/)| 72 , 

for any / G i/ 3 / 2 ^), supp (/) C 71. Substituting = A^ in (ET5]) . we get 

/ - g (2) )Mi^rfx = 0. (3.42) 

JsnB 

Choosing in (I3.42p U\ and u 2 being complex geometric optics solutions, given by 
lET2Ij) and (13~22|) . and letting h -> +0, we have 

f ( g (i) _ ^y^e^^+^cfe = 0. (3.43) 

As before, notice that (13.121) implies that in the expression (I3.2ip for ui, we may 
replace e* 1 by ge* 1 if g G c7°°((E n B) U (E n 5)5) is a solution of 

(i/i (1) +/i (2) ) • Vg = in (E n B) U (E n B)* . (3.44) 

Then (I3.43P can be replaced by 

Furthermore, (I3.29P has the form, 



(z/i (1) + y u (2) )-V($f ) + $f) = in SflB. 



Hence, taking g = e (*i >+ * 2 ), we get 



(gW _ g ( 2 ))e» = 0, 
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for all £ G IR n such that there exist ^ G W 1 , satisfying 

£ . ^(i) = £ . ^(2) = . pP) = o, | = l^ 2 )) = 1, > 0. (3.45) 

Let £ = (f ',f„_i,f„) G E n , f G M n " 2 , be an arbitrary vector. Then assuming 
that £ n _i 7^ 0, consider the vector 

(V- 2 ,^,l), A* (a) = A^/l/^l- 

Since n > 3, there exists G R n such that (jS3SD holds. Thus, = <? (2) (0 

for all £ G M n such that £, n ~i 7^ 0, and therefore, by continuity of the Fourier 
transform, for all £ G M n . Hence, = in S D B. This completes the proof 
of Theorem 11.11 

4. Proof of Theorem 11.21 

First, arguing as in the proof of Theorem ll.il we obtain the identity (13.91) . which 
is valid for any U\ G W/ 2 (E D B) and u 2 G VJ 2 (S D B). 

Next we shall construct complex geometric optics solutions, vanishing on l 2 , using 
the same choice of complex frequencies Ci and (2, defined in (13.101) . The solution 
u\ will be constructed precisely in the same way as in Theorem II. II and it is given 
by (13~T51) . see also (13T2TD . 

When constructing w 2 , we proceed as in the definition of U\ by reflecting the 

("2) 

coefficients across the plane x n = 0. For the coefficients A- , j — 1, . . . , n — 1, 
and g( 2 \ we do the even extension, and for A n 2 \ we do the odd extension, 
" t( 2 ), 



7(2)/ x M, W,x n ), < x n < L, . 



A5 2) (x',-x n ), 



An (x', a? n ) , < x n < -L, 

A n ^ (x , X n ), < X n < 0, 

g (2) (x',x n ), < x n < L, 

y 2 \x',-X n ), -L<X n <0- 

As Ai 2) | Xn=0 = 0, we have I (2) G W 1 ' 00 ^ n5)U(En 5)*) and ^ G L°°((S n 
B) U (S fl -S)o)- Then by Proposition 12.11 and Remark 12.21 one can construct 
complex geometric optics solutions, 

of the equation (Cj^-^ - k 2 )u 2 = in (E n 5) U (E n B)*, where 

||'"2|| J ffi cl ((En-B)u(snB)s) = 0(h 1/3 ), 
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and $2 e n B) U (E D B)*) satisfying 



- /i {2) ) • V$ 2 + i{ifi m - /i (2) ) • (A(2))» = in (sn5)u(sn £)*, (4.1) 

||9 a e* 2 || LOO((EnB)u(E nB) S ) < Ca/i-l"!/ 3 , |a| > 0. 
By Remark [2T3l $ 2 (x,z/i (1) - /U (2) ;/z) ->■ $2 0) (a;, ZyU (1) - /i (2) ) in the L°°-norm as 



h — > 0, where <3>2°^ solves the equation 



(*/i (1) -/i (2) ) • V$ 2 0) + i(i//< 1 > -/i (2) ) -A® =0 in (sn5)u(En5); 

Let 

u 2 (x) = u 2 (x', x n ) - u 2 (x', —x n ), x E E n R 

Then it 2 G V5 2 (E fl 5). It will be convenient to have following explicit expression 
for u 2 , 

u 2 (x) = e x<2/h (e^ x) + r 2 (x)) - e V>-*">to/h( e *ii*',-*n) + r2 ( x ' 5 ( 42 ) 

The next step is to substitute complex geometric optics solutions u\ and u 2 , given 
by f)3.2ip and (I4.2p . into (13.91) . To this end, we first analyze the phases of the 
products of the complex geometric optics solutions, 

c x-Cl/h x-&/h _ Jx-t Jx',-x„yCl/h Jx' ,-Xn)<2/h _ A{x'~XnH 



e (x'-x n )-Ci/h e x^/h _ e ix'-r-f^l-^^ ) I „-2^ ) x„/ft = ( ,ix^--2^ ) x n /h 
e x-(i/h e (x',-x n )-b/h = e ix'-e+f^Jl- ! ^-li { n 1) x n +2^ ) x n /h = e ix-t++2^ ] x n /h^ 

where 



We assume further that ^ = and /ii 1 ' ^ 0. Then |£ ± | — > oo as h — > 0. We 
have 



. (^(!) _ j\( 2 )^ e x <i/ h e ( x ' - x n)<2/h e ^> 1 {x) e <i> 2 (x' -x n ) ^ x 



Ens 



= Ci • / (A (1) - A^y^e^^+^^'-^dx 

+ • / (A (1) - A my*< + ^)+^'^) _ e *f ) («)+^ 0) (*',-*„)) da . 0> 

(4.3) 

as /i — ?• 0. Here the first integral in the right hand side of (I4.3p goes to zero as 
h — > by the Riemann-Lebesgue lemma, and the second one goes to zero, since 
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— $^ 1 1 i«j — > 0, as h — > 0. Therefore, multiplying ( 13. 9p by h and letting 
/i — > 0, we get 



lim ( [ - A^) • (-id + < 2 )e^e* l(x)+<I>2(x) d£ 

h ~*° V ./Ens 



+ / - A (2) ) • (-i^ + iQy(*\-Xn)< e *l(x>,-X n )+Z 2 (*',-Xn) dx = Q 



This implies that 

•/Ens 



'Ens ' 

Making a change of variables, we get 



where /ii 2 ■* = and it„ 7^ 0. At this point, we can repeat the arguments, used in 
the proof of Proposition 13. 2\ and conclude that 

(i/i (1) + /i (2) ) ■ f (2 (1) - A®)e ix <dx = 0, (4.4) 

for all £, /i^, /i( 2 ) G R n such that 

e • = e • ^ (2) = • /^ (2) = 0, = i/i (2) i = 1, ^ = 0, # ^ 0. (4.5) 

Replacing the vector t^ 1 ) by we obtain that 

H/i (1) + /i (2) ) • / (2 (1) -2^)e ix ^x = 0. (4.6) 

i(sns)u(snB)5 

Hence, (jOj) and (pTBj) imply that 

/ - A^e^cte = 0, (4.7) 

i(snB)u(snB) ( * 

for all /i G span{/! (1) ,// 2) } and all (GM™ such that (T4T5D holds. 
We need the following result. 

Proposition 4.1. We /jai>e 
^•(i^-If^-^^-lf^O m (EnB)U(EnB)5, l<j,k<n. 
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Proof. Let first n — 3. Then for any vector £ G IR 3 such that ( 2 + (f > 0, the 
vectors 

„(2) = ( | 

satisfy Thus, for any vector (el 3 such that £f + (f > 0, (jO) says that 

A*-«(0 = 0, «(0:=5Si(0-^i(0, (4-8) 

for all /i G spanj/i^, // 2 )}. Here x is the characteristic function of the set (S D 
B) U (S fl B)q. For any vector ( G M", we have the following decomposition, 

«(0 = «e(0 + «L(0, 

where Reu^(£), Im^(£) are multiples of (, and Ret>j_((), Im-u_i_(() are orthogonal 
to (. Since n = 3, we have Re v±(£), Imv±(£,) G span!// 1 ), /i( 2 )}, and therefore, it 
follows from gSJ that u ± (£) = 0, for all (el" such that ( 2 + (f > 0. Hence, 

u(0 = <)(. (4.9) 

Let fi(£,j,k) := — (^e^ + ^e^, 1 < j, fc < 3, j ^ k. Here ej is the standard 
orthonormal basis in M 3 . Then (14. 9 p implies that 

KZJ> k)-v(O = 0, 
for all (el" such that ( 2 + £f > 0, and therefore 

• (^Px(£) - 5^(0) - e fc • - ^Fx(O) = o, l < j, k < 3, j± k, 

for all (el 3 such that ( 2 + (f > 0, and thus, everywhere, by the analyticity of 
the Fourier transform. This completes the proof in the case n — 3. 

Let n > 4. Then for any vector ( = (d, ...,(„,) G M", (; ^ 0, I = l,...,n, the 
vectors 

M (2) (£,.?', fc) = + (,e fc , /i (1) ((, J, fc) = ( <A)< J + (-( fc (n)e fe + ((J + 

1 < < n, j ^ k, satisfy ( • ^^,j,k) = ( • /i( 2 )((, j, fc) = ^ x \^j,k) ■ 
/^ 2 )(£, j, fc) = 0, k) = 0, and fJ^\C,j, k) ^ 0. Thus, (g2D implies that 

■ (^Fx(0 - ^Fx(O) - & ■ - = 0, 1 < j, k < n, 3 + k, 

(4.10) 

for all (el",(^0 ) I = l,2 ) ... 1 n. 

Let ( = ((i,...,( n ) G W\ 6 ^ 0, Z = 1, ...,n, and let 1 < j < n. Choose 
the indices fc and / such that the set {j, n, fc, /} consists of four distinct elements. 
Then the vectors 

At (1) (^J» = -CnZj +0e n , /i (2) ((, j,n) = -( fc e; + &e k , 
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satisfy = £V 2) (£,J» = ^(£,j,n)-^(Z,j,n) = 0, /ii 2) (£,j,n) = 

0, and fin\l;,j,n) ^ 0. Hence, it follows from (14. 7p that 

■ (fflxit) - fflxit)) - Zn ■ (^X(0 - ^Fx(O) = 0, 1 < j < n, (4.11) 
for all £ G M n , £j 7^ 0, I — 1, 2, . . . , n. In the case n > 4, the claim of the 
proposition follows from (I4.10p and (14.111) . 

□ 

By Proposition EZQ we obtain that dAM = dAM in (EnB)U(Sn B)* . Arguing 
as in the proof of Theorem 11.11 we see that there exists \l/ G C 1,1 (E U Sq) with 
compact support such that 

A« - 1( 2 ) = in (SnB)U(Efl B)* , 

and \1/ = along d((E n B) U (S fl 5)q)- Since in particular \1/ = on I^, we have 

A/" A (2) +V *, g (2)(/)|^ = A/" j4 (2) >(? (2)(/)| 7 J, 

for any / G iJ 3/2 (Fi), supp (/) C 71. Thus, 

A/"A(i), g (i)(/)|-y; = •A/"aci), ? (2)(/)| 7 ;, 

for any / G if 3 / 2 ^), supp (/) C 71. Hence, we may and shall assume that 
A® = AM. 

As for the electric potentials q^ 2 \ continuing to argue as in the proof of 
Theorem 11.11 we arrive at 

( g (i) _ q W) e ix <dx = 0, (4.12) 

'(EnB)u(sns) ( * 

for all £ G M n such that there exist fj,M ; ^( 2 ) g satisfying (14.51) . For any vector 
(Gf such that £ 2 _ 2 + £ 2 _ x > 0, the vectors 

,(2) - fa „ £"~ 2 



A 4 = I 0]Rn-3, ' , == , 

V V £n-2 + Sn-1 V £n-2 + 

satisfy (S3]). Thus, (1312]) holds for all £ G M n such that £ 2 _ 2 + £ 2 _ a > 0, 
and therefore, by the analyticity of the Fourier transform, for all £ G W 1 . This 
completes the proof of Theorem 11.21 

Remark. We shall finish this section by making a remark concerning inverse 
problems for the Schrodinger equation in a slab, which arise in optical tomog- 
raphy jl]. In optical diffusion tomography one reconstructs the optical material 
parameters inside an object by measuring the light transmitted and scattered 
through the object. There, a time harmonic diffusion equation is obtained by 
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using an approximation of the radiative transfer equation. The so-called photon 
density function has the form = Re (e 4tJ *$(x)), where satisfies the 

equation 

- V ■ (k(z)V$(x)) + (p a {x) + ^ = 0, (4.13) 

where k(x) = (3/i a (x) + 3fi' s (x))~ 1 is the diffusion coefficient, ix a {x) is the absorp- 
tion coefficient of the medium, fi' s (x) is the reduced scattering coefficient of the 
medium, u is the frequency, and c is the speed of light. Equation (I4.13P yields 

- A$(x) - «(x) _1 V«(x) ■ V$(z) + K^y 1 (na{x) + ^ $(x) = 0, (4.14) 

which is of the form (11.11) . When the sources are on the upper boundary hyper- 
plane of the slab, the function $ satisfies on the lower boundary hyperplane a 
Robin boundary condition $ + 2And u § = 0, where the parameter A(x) depends 
on the properties of the materials on both sides of the lower boundary hyperplane, 
see [12l [33] . For small values of An, corresponding to the case when scattering or 
absorption is high, this boundary condition can be approximated by the Dirichlet 
boundary condition. For the study of inverse problems in optical tomography on 
bounded domains, see [I], and references therein. In particular, the first order 
terms in (I4.14p are important in explaining the non-uniqueness encountered in 
the imaging problems in optical tomography, see [3]. 



5. Remarks on inverse problems on bounded domains 

5.1. Proof of Theorem 11.31 Let f2' CC O be a bounded domain with C°° 
smooth boundary such that Q \ Q' is connected and Q' contains supp 
and supp (q^ — q^). 

Let u\ G H 2 (Q) be the solution to the Dirichlet problem, 

ui = f on <9f2, 

for some / G H 3 ^ 2 (dQ) such that supp (/) C 71. Let also v G H 2 (Q) be the 
solution of the following problem, 

C A {2) iq {2)V = in Q, 
v = f on dQ. 

Setting w = v — u\ G #o(ft) fl H 2 {Vt), we get 

C AWtqW w = (A« - A^) -Du l + D- ((A (1) - A®) Ul ) 

+ ((A«)M^ (2) ) 2 + 9 (1) -? (2) Vi m n. 



172 5 
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By our assumptions, 

and since in a neighborhood of <9f2, we have <9j,w; = on 72. It follows 

from ( 15. ip that w is a solution to 

C A w q c»)W = in Q \ fi', 

and iy = <9 v w = on 72 . As A® G W 1>00 (fi), g G and is connected, 

by unique continuation, we obtain that w = in fi \ ft', see [TH Corollary 1.38]. 
Thus, w = d u w = on <9f2'. 

Let u 2 G H 2 (Q') be a solution of the equation 
Then using Green's formula, we have 



(£ A ( 2)>q (2)W, u 2 )i?(n>) = (w, (<% + ^ • ^4 (2) )«2)L 2 (9n') - ({d v + if ■ A (2) )w, u 2 ) L 2 (ar) 
= 0. 

This together with (15. ip implies that 

f (^(i) _ a®) ■ {{D Ul )ui + u 1 mT 2 )dx - % [ (A {1) - A {2) ) ■ uumdS 
Jw Jan' 

+ / ((A^) 2 -(AW) 2 + q^-qM) Ul u 2 -dx = 0. 
Jw 

Therefore, since A^ = A^ on dtt', we get 

f (^(i) _ 4(2)) . ((Z> Ul )u£ + Ul Du~ 2 )dx 

(5.3) 

+ / ((A (1) ) 2 - (A^) 2 + g« - g( 2 )) Ml ^dx = 0, 



for any u 2 G H 2 (Q') satisfying (15. 2 ft and any u\ G W(Q), where 

W(fi) = {w x G # 2 (fi) : £ A (D )g (i)Wi = in Q, supp (ui|an) C 71}. 

Let 

W{Q') = {«i G # 2 (fi') : £ A( i) ig( i)iti = in 0'}. 
We need the following Runge type approximation result. 
Proposition 5.1. The space W(Q) is dense in W(Q') in L 2 (Q') -topology. 

Proof. By the Hahn-Banach theorem, we need to show that for any g G L 2 (Q') 
such that 



/ gudx = for any u G W(Q), 
Jn> 
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we have 

/ gvdx = for any v G W{Ql). 
Jn> 

Continue g by zero to Q \ Q' and consider the Dirichlet problem, 



U = on dVt. 



(5.4) 



As the assumption (A) holds for the operator £ A (i) „(i), it also holds for the 
adjoint operator /Z^y^y, and therefore, the problem (15 .4p has a unique solution 

U G H 2 {Vt) n -f/g(fi). For any w G H^(f2), using the Green formula, we have 



= / gudx = I {C-j(yj—U)udx = I U C A m q (i)udx 
Jn Jn ' q Jn 



+ / U(d„ + iu-AW>)udS- % + iv ■ A^)UudS = - d u UudS. 
Jan Jan Jan 

Since u\an can be an arbitrary smooth function, supported in 71, we conclude 

that d u U\ yi = 0. Hence, U satisfies the equation C-j^-^U = in Q \ Q', and 

U = d u U = on 71. Thus, by unique continuation, U = in and therefore, 

we have U = d u U = on dQ'. 

For any v G W(Q'), using the Green formula, we get 

/ gvdx = / {C AW {1) U)vdx = / UC A w :q mvdx 
Jn' Jn' ' y Jn 1 



+ / U{d v + ivAV>)vdS- / (d„ + iv- AW)UvdS = 0. 
Jaw Jan' 

The proof is complete. □ 

Since A^> = A^ on dQ', in the same way as in the proof of Theorem 11.11 we 
conclude that an application of Proposition [5J] implies that (I5.3P is valid for any 
Ui G W(£V) and u 2 G H 2 {Vt') satisfying (j52J) . 

Let B C K n be an open ball such that fi' CC B. Since A {1) = A {2) and = q {2) 
on we can extend A^ and to B so that the extensions, which we shall 
denote with by same letters, agree on B \ Q', have compact support, and satisfy 
AO) e W 1,co (B), q® G L°°(B). Hence, it follows from (E3J) that 

/ (A (1) - A (2) ) • {{D Ul )ui + Ul Dv7 2 )dx 
Jb 

+ / ((A (1) ) 2 - (A^) 2 + - q^) Ul W 2 dx = 0, 
Jb 

for any Ui,u 2 G H 2 (B), which solve 

£ A (i) )? (i)Ui = in B, C-j m - m u 2 = in 5. 



(5.5) 
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By Proposition 12.11 and Remark 12.21 we can construct complex geometric optics 
solutions «i and u 2 on B, with £i and ( 2 given by (|3.10p . Substituting the con- 
structed complex geometric optics solutions into (15. 5ft . and proceeding similarly 
to jlHl [50j [53], we complete the proof. See also the proof of Theorem 11.11 

5.2. Proof of Theorem 11.41 Notice first that without loss of generality, as in 
the proofs of Theorem 1 1 . 1 1 and Theorem 11.21 we assume, as we may, that 

A^-u\ da = A^-u\ 9a = 0. 

Then in the standard way as above, we obtain the following integral identity, 

f (^(i) _ a®) ■ {{D Ul )wi + u{m 2 )dx 
. Jn (5.6) 

+ / ((A (1) ) 2 - (A^) 2 + qM - q^) Ul W 2 dx = 0, 
Jn 

valid for all u±,u 2 G H 2 (Q) such that 

^AW, g w u i = in fi > «i|x n =o = 0, (5.7) 
^(2) i q (a) "2 = in ft, u 2 L=o = 0. (5.8) 

Using the method of reflection as in Theorem [L2J we construct complex geometric 

optics solutions u\ and u 2 , as given by (13. 2 1 p and (14. 2p . and satisfying ( 15. 7p and 

( 15. 8p . respectively. 

Substituting the complex geometric optics solutions U\ and u 2 into ( 15. 6p . similarly 
to the proof of Theorera ll.2^ we obtain that 

(*/i (1) + /i (2) ) • f (2 (1) - A^)e ix <dx = 0, (5.9) 
Jnun^ 

for all f , /i( 1 ), /i( 2 ) G R n such that 

£ ■ M « = £ ■ /i (2) = ■ /i (2) = 0, |^)| = \^\ = 1, ^ = 0, ^ 0. 
Here ft* = {(x',x n ) G R n : (x', -x n ) G ft}. 

At this point it is convenient to apply the boundary reconstruction results of [8] 
to conclude that A^> = A^ along 7. Thus, it follows that A^ = A^ along 
<9(ft U ft*,). Therefore, we may extend A^\ j = 1,2, to compactly supported 
W l,oc vector fields on some large ball B C M n , such that ft U ft*> CC -B, in such 
a way that AW = A^ in 5 \ (ft U ft*,). Hence, O is replaced by 

(i^ + // 2 >) • / (I« - A^)e lx <dx = 0. 
Jb 

By Proposition 14.11 we get dA^ = dA^ in B, and therefore, there exists \I/ G 
C 1 ' 1 ^ such that 

- 2 (2) = W in R 
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It follows that V\& = in £?\(f2Uf2o), and thus, \& is constant along the connected 
set d^UCl^). In particular, ^ is constant along 7, and modifying \l/ by constant, 
we may assume that $ = along 7. Hence, we may and shall assume that 

A (l) = A (2) in ^ When 

recovering the electric potentials and q( 2 \ we argue 
as in the end of the proof of Theorem 11.21 This completes the proof. 



Appendix A. Solvability of the direct problem in an infinite slab 



The purpose of this appendix is to provide a self-contained discussion of the 
solvability of the Dirichlet problem ( II. ip for the magnetic Schrodinger operator 
in an infinite slab. Let 

£ = { x = (x', x n ) G R n : x' = (xi, . . . , x n _i) G M n ~\ < x n < L} C M n , 

n > 3, L > 0, be an infinite slab between two parallel hyperplanes 

Ti = {x G R n : x n = L} and T 2 = {x e R n : x n = 0}. 

By the Poincare inequality in an infinite slab S, see [261 Theorem 4.29], the 
quadratic form 



is non- negative densely defined closed on Hq(E). Associated with this quadratic 
form, the Laplace operator — A, equipped with the domain 

V(-A) = {ue Hq(E) : An G L 2 (S)}, 

is a non-negative self-adjoint operator on L 2 (£). 

Proposition A.l. We have T>(— A) = Hq(E) fl if 2 (£). Furthermore, the spec- 
trum of —A is purely absolutely continuous and is equal to [tt 2 /L 2 , +00). 

Proof. For F G L 2 (£), we consider 

-An = F, u G £>(-A). 
Taking the Fourier decompositions with respect to the variable x n G [0, L], 



00 



u(x', x n ) — y~] ui{x') sin j'el" 1 , x n e[Q,L], 

1=1 (A.l) 

F(V, X n ) = ^ F l( X ') Sil1 — 
2=1 

we have 

^-A !B / + ^«,(s') = F,(a/) J x'er 1 , Z = 1,2, .... (A.2) 
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Here the Fourier coefficients u\ of u and Fi of F are given by 



ui(x') = — [ u(x) sin — j-^-dx n , (A. 3) 



L . 

^(x') = — y sin — -^-dx n . 

The functions i 7 ) G L 2 (IR n ~ 1 ) and we have the Parseval identity 



oo 



II-^IIl2(s) - 2 E H-^lli 2 (K"- 1 )- 
1=1 

The operator 

l 2 7T 2 

-A./ + / > 1, 

on M n_1 , equipped with the domain if 2 (R n ~ 1 ), is self-adjoint on L 2 (R n ~ 1 ) with 
purely absolutely continuous spectrum [/ 2 7r 2 /L 2 , +oo). Hence, flA.2[) has the 
unique solution 

,2\ -1 



/ / 2 7T 2 \ 

u l (x') = ( -A,^— J F(x')eH 



2(jn,n— 1^ 



and moreover, 

L 2 

IKIU 2 ^"- 1 ) < p-^||-P/||i 2 (K"-i), (A.4) 

|K||tf2 (]K n-l) < C(||U/ ||i2(K»-l) + IIAx/liiHia^-l)) < C||F Z || L 2( R n-l), (A. 5) 

where C is independent of /. By interpolation, 

C 

\\ui\\m(R^) < y||-^IU 2 (K"-i), (A. 6) 

where C is independent of I. By Parseval's identity and ( 1A.4I) . we have 

oo OO ^ 

IMIl 2 (£) = ~2~ INHi 2 ^" -1 ) — 74 i 2 ^"- 1 ) - C|l-^lli 2 (E)' 

ll^n«lll 2 (s) = II ^ cos ^^||| 2(s) 

z=i 

00 /2_2 



^ "y2~ll W i||l,2(lRn-l) — C||-^lli2( 2 ), 



2 ^ L 

i=i 



Using (IA.6I) . we get 



L 1 

\\d*Ab<p> = oY,\\ d *M\lH^ } < t^II^II ^ cil^lli 2 ^) 



1=1 1=1 
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j = 1, 2, . . . , n - 1. It follows from flX3|) that 

L °° 

ll^,o! fc u lli a (s) = 2"^Z H^^fe^lli^K"- 1 ) - C|l^lli,2( S ), 
z=i 

j, A; = 1, 2, . . . , n — 1. Furthermore, 

L °° Pit 2 
i=i 

j = 1, 2, . . . , n — 1. Hence, w G i/ 2 (£). The proof is complete, since the statement 
concerning the spectrum of —A follows from the fact that 




□ 

Proposition A.2. Let A 6 C n )n£'(E, C n ) and g e C)n£'(S, C). 

T/ien i/ie operator CA,q{x, D) , equipped with the domain Hq(T,) fli/ 2 (E) is closed 
and its essential spectrum is equal to [k 2 /L 2 , +oo). 

Proof. We write 

C Ayq = -A + 2A ■ D + q, q = -i(V • A) + A 2 + q G C) PI 8 '(£, C). 

Let x ^ C°°(S) be compactly supported and x = 1 near supp (g) U supp (A). 
Then the operator 

gA' 1 : L 2 (S) -> L 2 (S) 
is compact, as a composition of the compact operator 

XA- 1 : L 2 (S) i/ 2 (S) n 5'(supp ( X )) ^ L 2 (S), 
and the bounded operator q : L 2 (T?) — > L 2 (S). 
For j = 1, . . . , n, the operator 

AjDjA- 1 : L 2 (S) -)• L 2 (S) 
is compact, as a composition of the compact operator 

X^ A- 1 : L 2 (S) ^(E) D5'(supp (x)) ^ ^ 2 (S), 

and the bounded operator A : L 2 (T,) —> L 2 (E). Since relatively compact per- 
turbations do not change the essential spectrum, the result follows in view of 
Proposition IA.U 

□ 
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Let A G W 1 ' 00 ^,^) n£'(E,C n ) and q G L°°(E,C) n£'(E,C). Consider the 
following Dirichlet problem, 

(C A>q (x,D)-k 2 )u = F in E, 

w|d£ = 0, 

for some k > 0. 

(I) The case < k < ir /L. We have the following immediate consequence of 
Proposition IA.2I 

Corollary A. 3. Assume that < k < n/L and k 2 does not belong to the discrete 
spectrum of the operator £.A,q, equipped with the domain Hq(H) D if 2 (E). Then 
for any F G L 2 {YA, the problem ( 1A.7|) has a unique solution u G if 2 (E). 

(II) The case k > ir/L. Our goal here is to study the solvability of the problem 
(1A.7I) for F G L 2 {YA fl In order to do this, let us first focus on the Dirichlet 
problem for the Laplacian in the slab E, 

(-A - k 2 )u = F in E, 

i n (A-8) 

for some k > tt/L. Taking the Fourier decomposition (lA.ip . we have 

( - A x , + ^ - k 2 ^j Ul (x') = Ftf), x' G R n ~\ Z = 1,2, — (A.9) 

(II. i) In the case when / G N is such that k > nl/L, the equation fl A.9[) has a 
unique solution ui{x') satisfying the Sommerfeld radiation condition 

ui(x') = 0{\x'\- {n - 2) > 2 ), (J^-ik^ Ul (x') = o(|x'|- (n - 2)/2 ), (A.10) 

as \x'\ — > oo, see [15]. Here ki = \Jk 2 — l 2 n 2 /L 2 > 0. Notice that by elliptic 
regularity, u { G iff^M"" 1 ). 

(II. ii) In the case when / G N is such that k < ttI/L, the equation ( 1A.9[) has a 
unique solution U[ G if 2 (lR n ~ 1 ). 

(Il.iii) In the case when / G N is such that k = nl/L, the equation (I A . 9 1) has the 
following form, 

-A x ,u l (x') = F l (x / ), x'er 1 (A.ll) 

In the case n > 4, (IA.11I) has a unique solution G iJ 1 2 c (lR n ~ 1 ) satisfying 

u,^) = 0(|x'| 3 -™), V xlUl {x') = 0(\x'\ 2 ~ n ), (A.12) 

as \x'\ oo. Indeed, we have ui = E * Fi, where E(x') = C n \x'\ 3 ~ n is the 
standard fundamental solution of —A in M n_1 , C n ^ is a constant. 

In the case n = 3, we shall make the following assumption. 
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(A.I) In the case n — 3, assume that k is such that k ^ irl/L, for all I E N. 

The assumption (A.I) is motivated by the fact that (lA.llj) in general lacks solu- 
tions that are bounded on M. 2 . Indeed, the general solution of ( 1 A .11)) in iS'(K 2 ) 
has the form, 

ui = E 2 * Fi + p, 

where E 2 (x') = (27r) _1 log \x'\ is the standard fundamental solution of —A in M 2 , 
and p is a harmonic polynomial. 

In what follows we shall need the notation, 

E <fi : = En{xer: < R}, 

£ >i? : = Sfl {x E M n : \x'\ > R}, R > 0, 

and the following definition, which is closely related to the discussion in [12]. 

Definition A. 4. Assume that u satisfies the following Dirichlet problem, 

(-A - k 2 )u = in S >fi , 

U \dT,r\T^_ = 0' 

for R sufficiently large and k > n/L such that the assumption (A.I) holds. Let 
us write 

00 ^ 
u{x) = ui(x') sin n , 
1=1 

where the Fourier coefficients ui(x') are given by (1A.3I) . The function u is said 
to be admissible, provided that the following conditions hold: 

(i) if I < kL/it, then ui(x') satisfies the Sommerfeld radiation condition 
fTATOj ).- 

(ii) if I > kL/n, then u t E iJ 2 (IR n ~ 1 ); 

(iii) if I = kL/n and n > 4, then UkL/-w{x') satisfying f)A.12j) . 

Notice that if the function u is admissible then u E Hf oc {Jl). We obtain the 
following result. 

Proposition A. 5. Let k > ir/L and let the assumption (A.I) be satisfied. Then 
for any F E L 2 (Ti) fl £'(£) , the Dirichlet problem ( 1A.8I) for the Laplacian in the 
slab has a unique admissible solution in the sense of Definition IA.41 

Let us introduce the solution operator for the Dirichlet problem ( 1A.8I) . 

Ro(k) : L 2 (S) n £'{T) ^ Hfo c (E), R (F) = u, 
where u is the admissible solution of (1A.8I) . 

In order to study the solvability of the problem (1A.7|) for F E L 2 (Y,) fl S'{Y1), in 
the case when k > tt/L, we shall use the Lax-Phillips method, see [301 
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and to that end, we shall need the following assumption, which was also made in 



(A. II) Let k > 71 /L and let the assumption (A.I) be satisfied. If u is an admissible 
solution of the problem (|A.7[) with F — 0, then u vanishes identically. 

The following result shows that in the self-adjoint case, assumption (A. II) is 
satisfied away from the embedded eigenvalues and the set of thresholds {(ttI/L) 2 : 
I — 1, 2, . . . } of the operator CA, q - 

Proposition A.6. Let A E W 1 ' 00 ^, R n ) n £'(£, R n ), q E C) n £'(£, C), 

and Imq < 0. Assume that k > tt/L is such that k 2 is not an eigenvalue of the 
operator C,A.q, equipped with the domain Hq(E) D H 2 {YA, and k ^ nl/L, for all 
I — 1,2, ... . Then the assumption (A. II) is satisfied. 

Proof. Let u be an admissible solution of the problem flA.7j) with F — 0, and let 
R > be large so that supp (A) cS<r. Multiplying (IA.7[) by II and integrating 
over using the fact that Aj are real-valued, we get 




E(7 ka+^'H 2 ^-* / 



x'|=i?,0<a; n <L 



Vj{Dju)vdx n dS{x') (A. 13) 




Taking the imaginary part in flA.131) . we obtain that 




(A.14) 



Let us write u — u + U\, where 




x sm 



Ittx 



L 



n 




l<KkL/ir 



Vm 



0(\x'\- n ) 



(A.15) 



as \x'\ — > oo. We have 




where by flA.15j) 
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as R — > oo. Also using the fact that v ■ V = ^ ■ V x / along \x'\ = R , 

h = \ [,_ • v^(xO)^M^(x'), 

l<l<kL/w J\ x '\— R 

where Ui, 1 < / < kL/n, satisfies the equation 

;2 2 

(-A,, + - k 2 ) Ul (x') = 0, a/ e ffi™ -1 , > R, 

and the Sommerfeld radiation condition ( lA.lOp . Then ui has the following as- 
ymptotic behavior 

pihW\ 1 ryl 

as \x'\ — > oo, see [151 US]- Thus, 



— • V^(*') = a t (g)»fci |g/|(w _ 2)/2 + 0(— 
as Ix'l — >• oo, and therefore, 



= § £ /, (k(e)| a iAi + O(^))d5(a0. 



l<i<fcL/7T 



Letting i? — >• oo in ( 1 A. 141) . we obtain that 

V / \a l (6)\ 2 k l dS(x')=0. 

,, -f T ,_J\x'\ = l 



l<l<kL/lX 



Hence, ai = for all 1 < I < kL/ir. By Rellich's theorem, u\ = 0, 1 < I < kL/ir, 
for \x'\ > R, see [27]. Thus, m = uq for > i?, and therefore, by ( ]A.15j) . 
u G L 2 {J1). Since /c 2 is not an eigenvalue of C,A >q , we conclude that u = in E. 
The proof is complete. 

□ 

Remark A. 7. Let A e W 1 > 0O (E,R n ) n £'(£, R n ) and q 6 Z°°(£,R) n£'(£,R). 
Assume that k > n/L is such that k 2 is not an eigenvalue of the operator C>A,q 
and k ^ ttI/L, for all I = 1,2, ... . Then it follows from the arguments in the 
proof of Proposition IA.6I that k is admissible for C-A,q- 

Let R > be such that Ca^ = —A in Let S > R. The operator Ca, q in 

L 2 (E <5 ), equipped with the domain H 2 (T I<S ) fl-H^ (£<#), which we shall denote 
by , is closed with discrete spectrum. Let z G C be such that Imz ^ and 
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z is in the resolvent set of C-A, q - Let G C°°{H < s) be compactly supported, 
< 4> < 1, and such that <fi = 1 in S<k. 

Proposition A. 8. Let k > n/L and let the assumptions (A.I), (A. II) be satisfied. 
Then for any F G L 2 there exists a unique g G L 2 (T, < s) such that 

u = - z)- l g + (1 - <j))R (k)g (A.16) 

is the admissible solution of the Dirichlet problem (IA.7j) in the sense of Definition 

ES 

Proof. Applying the operator Ca a — k 2 to u in fl A. 161) . we get 

(£ A , q ~ k 2 )u = g + Tg, 

where 

Tg := <j>{z - k 2 )(Cl q - z)- l g + [£ Aq , <j>]{{C D Aq - z^g - R (k)g). (A.17) 
Given F G L 2 we would like to find g G L 2 (£<,$) such that 

g + Tg = F. (A.18) 

Let us first check that the operator 

T:L 2 (£ <5 )^L 2 (£ <5 ) 
is compact. Indeed, we have 

(C% g - z)- 1 : L 2 (S <5 ) tf 2 (£ <5 ) n f#(E<s) ^ ^ 2 (S <5 ), 
i2o(fc) : L 2 (S <5 ) tf 2 c (E). 
Now the commutator is given by 

[C Aq , 0] = -2V0 ■ V - A0 + • 

and we get 

[£ Aq ,cf>] : # 2 (E<s) -+ H\Z <S ) ^ L 2 (S <S ), 
[£ A<? ,0] : F 2 C (S) -> i/ 1 (S<s) ^ ^ 2 (S <S ), 
which show the compactness of the operator T. 

Hence, the operator / + T is Fredholm of index zero and therefore, to show that 
the equation flA.18j) has a unique solution, it suffices to check that F = implies 
that g = 0. 

Assume that F — 0. Then the assumption (A. II) implies that u = in E. Let 
Mi := (C^q ~ Z )~ X 9 an d u 2 '■= Ro(k)g. Then 

<Mi + (i - <j>)u 2 = 0. (A.19) 

Let us first consider the set 

Si := {x G S <5 : 0(x) = 1}. 
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We have u\ = in S 1; and it follows from (IA.17P that Tg = in Ei. Hence, 
f lA~T8]) implies that g = 

Consider now the set 

£$ := {x E E <5 : <f>(x) ± 1}. 
It follows from f ]A.19j) that U2 = 0(«2 — u\). We have 

(-A - z)(u 2 - ui) = (A; 2 - ^)0(n 2 - Ui), 
and furthermore, Ui|as <s = ^2|as <s = 0. Thus, 



(k — z)(f)\u2 — u\\ dx = (— A — z)(u 2 — Ui)(u2 — u\)dx 



(A.20) 



(|V(w 2 - u\)\ 2 - z\u 2 - ui\ 2 )dx. 
Taking the imaginary part in (1A.20D . we obtain that 

(1 — <p)\u2 — u\\ 2 dx = 0. 



Hence, U2 — u\ = in S^. Thus, (1A. 19[) implies that (j)U\ = in Ef. It follows 
from (1A.17P that Tg = (z — k 2 )<pui = in Ef , and therefore, (7 = in Ef. The 
proof is complete. 



□ 



Let now k > 0. It will be convenient to have the following definition. 



Definition A. 9. A frequency k > is said to be admissible for the operator C a , q , 
if the following holds: 

(i) ifk < tt/L, then k 2 does not belong to the discrete spectrum of the operator 
£a,q, equipped with the domain Hq(E) ft -£T 2 (E); 

(ii) if k > n/L, then the assumptions (A.I) and (A. II) are fulfilled. 

Definition A. 10. Let k > be admissible and F e L 2 (S) n Then a 

solution u of the problem f]A.7|) is said to be admissible, if the following holds: 

(i) if k < tt/L, then u G H 2 {T?) is the unique solution given by Corollary 

(ii) if k > tt/L, then u is the admissible solution in the sense of Definition 

Consider the following Dirichlet problem 

(CA <q (x, D) — k 2 )u{x) = in E, 

u = f on T l7 (A.21) 

u — on T 2 , 
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where k > is fixed admissible, and / G # 3 / 2 (Ti)n£'(Ti). Le t F G # 2 (£)n£'(£) 
be such that F\r 1 = f and F|r 2 = 0. We solve the problem (1A.21|) by setting 

u = F + u , 

where uq is the admissible solution of the problem, 

(^A,g(x, D) — k 2 )u = (k 2 — £ Atq (x, D))F in E, 
Mo = on <9E, 

in the sense of Definition IA.10I We have u G H 2 oc (E). We shall refer to this 
solution u of the problem (1A.21|) as the admissible solution. 

In the main text we shall have to use the following Green's formula in the infinite 
slab E. 

Proposition A. 11. Let k > be an admissible frequency for C A . q and C-A.q, 
let u be the admissible solution to the problem (1A.21I) with some f G H 3 ^ 2 (Ti) H 
£'(Ti) ; andv be the admissible solution of the problem 

(£_A I<? - k 2 )v = g, in E, 

v\dY, = 0, 

for some g G £ 2 (£) H £'(£)• Then we have 

(jC^gV,u) L 2 iTi) - (v,£ A>q u) L 2(x) = -{d u v,u) L 2 {Vl) . 
Here v is the unit outer normal to Y\. 

Proof. First notice that v satisfies (C^q ~ k 2 ) v = # in E. Let R > be such that 
supp (A®) C E-cr. Setting 

r j ndE <R = dj(R), j = 1,2, dE <R nE = d 3 (R), 

we have A® = on d 3 {R). By (BUjl . we get 

(£^,M) L 2 (E<fl) - (v, C Atq u) L 2 { x <R) = -(d u v,u) L 2 {dl{R)) 
+(v,d„u) L 2(d 3 (R)) - (d u v,u) L 2 {d3{R)) . 

We have to show that (v, d u u)L2^ R ^ — [d v v, u) L 2 (d 3 (R)) tends to zero as R — > oo. 
Consider the case k > tt/L for the maximum of generality. Let us write u = 
Mo + Mi, where 

/ \ \ / /\ . lirx n . , ^ % . . l7TX n 

u o{ x ) = 2^ ui{x)8m—jr-, ui{x)= ui(x )sm— — , 

l>kL/-w \<l<kL/-w 

and similarly, v = v + . We set 

/ / {ud u v — vd u u)dx n dS{x') = h + h, 

J\x'\=R JO 
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where 

h= I [ {u^-- d v u )dx n dS{x') = O(R- n ~ 2 ), 

J\x'\=R JO 

as R — > oo, in view of (IA.15I) for uq and Vq. Here 

-L 



I 2 = / (uid u vi - vid u ui)dx n dS(x') 

J\x'\=R JO 



= r V / (ui(x')d u vi(x') - vi{x')d v ui{x'))dS{x'). 

1 l<l<kL/n J W= R 

Using the fact that d u = (x'/R) ■ V x > along \x'\ — R together with flA.lOj) . for 
/ < kL/ir, we get 



( Ul (x')d uVl (xi) - v^dM^dSix') = o(R-( n ~V) / dS(x') = o(l), 

'\x'\=R J\x'\=R 

as R — y oo. Finally, if k is such that I — kL/ir and n > 4, using (IA. 12j) . we obtain 
that 



/ W)^ ■ V*v l {x') - Vl (x')^ ■ V x Mx'))dS(x>) = 0(R 3 

J\x'\=R K K 



>\x>\-- 

as R — > oo. The proof is complete. 

□ 
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